MAT1332 - MAT1732

Solutions, Assignment #5

Question 1
[4 points] Put the following in standard form (i.e. in the form z = a + ib).

a) (2+30)(1+19) b) | — 4+ 2 c) 2(—4+2) d) L
Solution:
a) —1+5i b) V20 c) —8—4i d) i

Question 2
2 points] Put z = 1+ 3i in its trigonometric form (i.e. in the form z = |z| (cos @ + isin6).

Solution:

2] =V1+32=+10, 6 =tan"'(3/1) = tan"*(3) ~ 1.25.

Question 3

-2 00
[6 points] Find the eigenvalues and the eigenvectors of A = 0 1 4
0 11

Solution:
Eigenvalues : Find when (A—AI)x = 0 has non trivial solutions, i.e. when det(A—\I) =
0.

—2-X 0 0
det 0 1-Xx 4 =(-A=2)(1=X)=4)=—-A+2) (=21 +3) = ...
0 1T 11—

== +2)A=3)(A+1)=0.

The eigenvalues of A are A\ = =2, Ay =3 and A3 = —1

The eigenvectors u, v and w of A are found by solving the homogeneous systems (A —
MDu =0, (A—XI)v=0and (A— \3])w = 0 respectively.



First eigenvector :

00 0]0 0100
03 4|0 ~ 0 0 1]0
01 3|0 00 0]0

The first component of the eigenvector u is a free variable. Parametrisation : u; = t € R.
We have uy = 0 and ug = 0.

Ul t
u=| uy | = O =t

1
0
0
1
Witht =1, weobtainu = | 0 |, one of the eigenvector associated with the eigenvalue
0

A= —2.

Second eigenvector :

-5 0 010 1 0 010
0 -2 410 ~ 01 =20
0 1 =210 00 010

The third component of v is a free variable. Parametrisation : v3 = s € R. We obtain
the equations v; = 0, vy — 2v3 = 0 and then that vy — 2s = 0. The solution can be written
as

(%) 0 0
V= (%) = 23 =S 2
V3 s 1
0
Note : With s = 1, we have v = 2 |, one of the eigenvector associated with the
1
eigenvalue \y = 3.
Third eigenvector :
-1 0 0]0 10 00
0 2 410 ~ 01 2]0
0 1 20 0 0 00

The third component of the eigenvector w is a free variable. Parametrisation : wy =
p € R. We obtain the equations w; = 0, wy + 2w3z = 0 and then that wy + 2p = 0. The
solution can be written as

w1 0 0
w=| w2 | = -2p | =p| 2
w3 D 1



With p = 1, we obtain w = —2 |, one of the eigenvector associated with the

eigenvalue A3 = —1.

Question 4

[2 points| Find the eigenvalues of B = ( _; ? )

Bonus : [2 points] Find the eigenvectors of B.

Solution:
Eigenvalues : Find when (B—AI)z = 0 has non trivial solutions, i.e. when det(B—\I) =
0.

[ N
det( 5 1_)\):(1—>\)2+4:)\2—2A+5:0

quand A =1 =+ 2i.
The eigenvalues of B are A\; =1 — 2¢ and A\, = 1 + 2i.

Eigenvectors (Bonus) The eigenvectors u and v of B are found by solving the homo-
geneous systems (B — A I)u =0 et (B — A2I)v = 0 respectively.

2t =210 1 4]0
2 2t]0 0 00

The second component of u is a free variable. Parametrisation : uy = t € C. We obtain
the equation u; + ius = 0 and then u; + ¢t = 0. The solution can be written as

u = ( Zl ) = < _n; ) = t< _1Z ), the eigenvector associated with the eigenvalue
2

A1 = 1 — 2¢ with ¢, a complex number (one could take t=1 for example, to work with a
single eigenvector).

For the second eigenvector, we have

-2 =210 1 —2|0
2 =210 0 0}0 )"

The second component of v is a free variable. Parametrisation : v = s € C. We obtain
the equation v; — ivy = 0 and then v; — it = 0. The solution can be written as

3



(%) S
1 + 2i with s, a complex number (one could take s=1 for example, to work with a single
eigenvector).

v= ( o > = ( ” ) =S ( i ), the eigenvector associated with the eigenvalue A\ =

Question 5
[6 points] Let x,.1 = Az, be a discrete dynamical system, with the initial state xzy =

0 1 05
(1>”dA_(oo5)‘
a) Why is A a Markov matrix?

b) Find the eigenvectors and the eigenvalues of A.

c) Find the equilibrium point (i.e. the eigenvector associated with the eigenvalue A\ = 1)
by choosing the parameter such that the sum of the components of the equilibrium point
is equal to 1.

d) Write the initial state zo as a linear combination of the eigenvectors of A (with the
equilibrium written as in c)).

e) Write the solution z,, by calculating x,, = A"x.

Solution:

a) The sum of the elements of each column of A gives 1.
b)

Eigenvalues

da(lnggEA):ﬂ—Mmﬁ—M:O

A1 =1 and Ay = 0.5 are the eigenvalues of A.
Eigenvectors To find u an eigenvector associated with A\; = 1, we solve

1—-X\ 0.5 0Oy _(0 05 ]0Y) (0 10
0/ \0 —-05]|0 0 00

0 0.5 — X\
Uy

ulisfree,ulzt,teR.u2:0.Thenu:(
t=1.

1
s > :t(o ).Foru1+u2:1, we choose

To find v an eigenvector associated with Ay = 0.5, we solve

1— X 0.5 0y (05 05]0 0 1,0
0o/ L0 010 0 00

0 0.5 — XAy




vy is free, vo = s, s € R. v1 + s = 0. Then v = ( 21 ) =5 < _11 ) For simplicity, we
2

choose s = 1.
c) The equilibrium point is ( :;* ) = < (1) )

d) Finding such a linear combination is equivalent to the problem of : finding the coeffi-
cients k; and k9 such that
1 —1
$0:k1<0)+k2< 1>

With zy = ( (1] ), it means that we have to solve the following linear system of

equations :
k’l - k’z — 0
ke =17

which can be written as an augmented matrix that we can reduce with the Gauss-Jordan

method.
1 =110 1 01
0 1 |1 0 111

We have finally that k; = 1 and ko = 1 so that the linear combination is

HRE!

e () (D) (o) (2 ()
(o)

Note - ( ‘1 > is an eigenvector of A associated with the eigenvalue 1/2 so
(2)-n()

Multiplying the last equation by A (by the left), we get

AA( - ) — A(1/2) ( - > _ (1/2)A< ‘1 ) — (1/2)? < - )

So if we apply n times A (by the left) to ( _1 ), we get

e()-omr()

Same thing for the other eigenvector.




